In this paper approximate and exact controllability for semilinear stochastic functional differential equations in Hilbert spaces is studied. Sufficient conditions are established for each of these types of controllability. The results are obtained by using the Banach fixed point theorem. Applications to stochastic heat equation are given.
Introduction
Stochastic partial functional differential equations with finite delays are very important as stochastic models of biological, chemical, physical and economical systems. The qualitative properties (existence, stability, invariant measures, controllability and others) of these systems have not been studied in great detail (see [13] , [4] , [15] , [16] and references therein). As a matter of fact, there exist extensive literature on the related topics for deterministic partial differential equations with finite delays (for example, see [18] , [2] , [8] , [7] and references therein). We would also like to mention that controllability questions for stochastic differential equations have already been investigated by P. Balasubramaniam and J. Dauer [3] and Mahmudov [11] , [12] .
The paper is organized as follows. In Section 2 we give definitions, preliminary results and prove needed Lemmas. In Section 3, by using semigroup methods we discuss approximate controllability of mild solutions for a class of stochastic partial differential equations with finite delays,
dX (t) = [−AX (t) + Bu (t) + f (t, X t )] dt + g (t, X t ) dW (t) , t ≥ 0, (1)
where φ if We also employ the same notation · for the norm of L (K, H) , where L (K, H) denotes the space of all bounded linear operators from K into H. In Section 3 we state and prove our main result on approximate controllability of stochastic functional differential equations in Hilbert spaces. Assuming the approximate controllability of the corresponding deterministic system under some conditions we prove the approximate controllability of system (1) . Apparently the result is also new for deterministic functional differential equations.
Notice that when the semigroup S(t), t > 0, is compact an infinite dimensional linear deterministic system is cannot be exactly controllable [17] . So, the analogue for exact controllability of the results of Section 3 cannot hold in infinite dimensional space.
In Section 4 exact controllability of the system (1) is investigated. The compactness of the semigroup S (t) is not assummed, and conditions are obtained for exact controllability of the system (1). In Section 5 an application to the stochastic heat equation is given.
Preliminaries
Let (Ω, F, P ) be a probability space on which an increasing and right continuous family {F t : t ≥ 0} of complete sub-σ-algebras of F is defined. Suppose X (t) : Ω → H α , t ≥ −r, is a continuous F t -adapted, H α -valued stochastic process we can associate with another process X t : Ω → C α , t ≥ 0, by setting X t = {X (t + s) (ω) : s ∈ [−r, 0]} . This is regarded as a C α -valued stochastic process. Let β n (t) (n = 1, 2, ...) be a sequence of real-valued one dimensional standard Brownian motions mutually independent over (Ω, F, P ) . Set
where λ n ≥ 0 (n = 1, 2, ...) are nonnegative real numbers and {e n } (n = 1, 2, ...) is a complete orthonormal basis in K. Let Q ∈ L (K, K) be an operator defined by Qe n = λ n e n with finite trace trQ = ∞ n=1 λ n < ∞. Then the above Kvalued stochastic process W (t) is called a Q-Wiener process. We assume that
Recall that f is said to be 
Assumption A. −A is the infinitesimal generator of an analytic semigroup S (t) , t > 0, on the separable Hilbert space H and 0 ∈ ρ (A) .
Under the assumption A, the following results relating A α and the analytic semigroup S (t) generated by −A, hold, see [14] .
1. There exist a constant M > 0 and a real number a > 0 such that
The fractional power
for any h ∈ H, where M α > 0.
Let
Assumption B. For arbitrary γ, ξ ∈ C α and 0 ≤ t ≤ T, suppose that there exists positive real constant N 1 > 0 such that
Assumption B1. For arbitrary γ, ξ ∈ C α and 0 ≤ t ≤ T, suppose that there exists positive real constant N 1 > 0 such that
Assumption C. For each 0 ≤ s < T the operator λ(λI + Γ 
the process X satisfies the following integral equation
where
We also need the following Lemmas (see [6] , Proposition 4.15 and Lemma 7.2 respectively).
Proof. The proof for the case p = 2 is given in [9] . The general case can be proved by approximation argument. Define h
Then by Burkholder-Davis-Gundy inequality and Lemma 5 we have
) and consequently, taking the limit in the representation for h n , we obtain desired representation. The Lemma is proven.
Proof. We use the factorization method introduced in [5] , which is based on the following elementary identity
By using identity (6) we obtain
. Applying the Hölder inequality we obtain that
where 1/p + 1/q = 1. Moreover, by Lemma 5, there exists a constant C p > 0 such that
From which, using the Young inequality we obtain
From (7) and (8) it follows that
and the Lemma is proven.
For any λ > 0 and h ∈ L p (Ω, F, P ; H) define the control
Lemma 8 There exists a positive real constant
Proof. We will only prove the first inequality, since the proof of the second is similar.
Approximate Controllability
In this section we present our main result on approximate controllability of system (1) . Assuming the approximate controllability of the corresponding deterministic system under some conditions we prove the approximate controllability of system (1).
Let us fix λ > 0 and introduce the following mapping Φ on H p :
(11)
Thus, we obtain by Lemma 1 that
Therefore, there exist positive constants, l 21 , l 22 > 0 and ε 1 = p (1 − α) > 0 such that
Hp . In a similar way, there exist positive constants, l 31 , l 33 > 0 such that
Now by using Lemma 5 for some C p we have
Then, it follows that there exist positive constants l 41 > 0 and ε 2 = (p − 2 − 2pα) /2 > 0 such that
Let {e n } , n ≥ 1, be a complete orthonormal basis of the separable Hilbert space K such that Q
1/2
e n = √ λ n e n , where Q is the covariance operator of
Wiener process W. Then we obtain that there exists a positive constant l 42 > 0 such that
Since Z ∈ H p , it follows that I 1 , I 2 , I 3 , I 4 tend to zero, as t 2 → t 1 . Hence (ΦZ) (t) is continuous from the right in [0, T ). A similar reasoning shows that it is also continuous from the left in (0, T ]. Therefore, the proof of the lemma is complete.
Lemma 10
The operator Φ sends H p into itself:
By Lemma 7 for any β satisfying the inequality
Therefore, we obtain that ΦZ H p < ∞. By Lemma 9 (ΦZ) (t) is continuous on [0, T ] and so Φ maps H p into H p . Thus this completes the proof.
and let For any integer n ≥ 1, by iteration, it follows from (12) that
Since for sufficiently large n,
n is a contraction map on H p and therefore Φ itself has a unique fixed point Z in H p . The theorem is proved.
Thus, by Theorem 11 for any λ > 0 the operator Φ λ has a unique fixed point
Our main result in this paper can now be stated as follows.
Theorem 12 Under the assumptions A, B1 and C the system (1) is approximately controllable on
Proof. Let X λ be a solution of the equation (5). Then writing the equation (13) 
By the assumption B1 
On the other hand by the assumption C, for all 0 ≤ τ < T
and moreover
Thus from (14)- (17) by the Lebesgue dominated convergence theorem it follows that
This gives the approximate controllability. Theorem is proved.
Exact controllability
In this section we study the exact controllability of the mild solution for the stochastic functional differential equation (1)
without a compactness assumption on the semigroup S (t) . We formulate conditions under which the semilinear system (18) is exactly controllable. No compactness assumption on semigroup S (t) is made.
We impose the following assumptions on the data of the problem.
Assumption D. S (t)
, t ≥ 0 is the strongly continuous semigroup of the linear bounded operators generated by A : max 0≤t≤T S (t) ≤ M.
is similar the first one.
Lemma is proved.
We will show that, when using this control, the operator Ψ, defined by ΨZ = S (t) φ (0) + t 0 S (t − s) Bu (s, Z) ds
has a fixed point Z, which is a solution of (1).
Theorem 14 Assume that Assumptions D, L, B and E are satisfied. Then the system (1) is exactly controllable on [0, T ] .
Proof. The proof is carried through by the Banach fixed point theorem. First, it have to be shown that Ψ maps H p into itself. It is similar to that of Lemma 10 and is omitted. 
